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Abstract. We prove that every quasi-projective semi log canon- 
ical pair has a quasi-log structure with several good properties. It 
implies that various vanishing theorems, torsion-free theorem, and 
the cone and contraction theorem hold for semi log canonical pairs. 
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1. Introduction 

In this paper, we give a natural quasi-log structure (cf. [A]) to an 
arbitrary quasi-projective semi log canonical pair. The notion of semi 
log canonical singularities was introduced in |KSj . By the recent devel- 
opments of the minimal model program, we know that the appropri- 
ate singularities to permit on the varieties at the boundaries of moduli 
spaces are semi log canonical (see, for example, |Kol] and |Kv] ) . There- 
fore, it is very important to establish some fundamental techniques to 
investigate semi log canonical pairs. We prove the following theorem. 

Theorem 1.1. Let (X, A) be a quasi-projective semi log canonical pair. 
Then [X, Kx + A] has a quasi-log structure with only qlc singularities. 
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Our proof of Theorem 11.11 heavily depends on the recent develop- 
ments of the theory of resolution of singularities for reducible varieties 
(see, for example, |Ko2t Section 9.4], |BM] . [BP], and so on). Precisely 
speaking, we prove the following theorem. 

Theorem 1.2 (Main theorem). Let (X,A) be a quasi-projective semi 
log canonical pair. Then we can construct a smooth quasi-projective 
variety M with dimM = dimX + 1, a simple normal crossing divisor 
Z on M , an WL-Cartier R- divisor B on M, and a projective surjective 
morphism h : Z — > X with the following properties. 

(1) B and Z have no common irreducible components. 

(2) Supp(Z + B) is a simple normal crossing divisor on M . 

(3) K z + A z ~ R h*(K x + A) such that A z = B\ z . 

(4) KO z (r-A<^)~O x . 

(5) The set of sic strata of (X, A) gives the set of qlc centers of 
[X, Kx + A] . This means that W is an sic stratum of (X, A) 
if and only if W is the h-image of some stratum of the simple 
normal crossing pair (Z, A z ). 

By the properties (1), (2), (3), (4), and (5), [X, Kx + A] has a quasi- 
log structure with only qlc singularities. Note that h*O z ~ Ox by the 
condition (4). 

By Theorem II. 2\ we can prove the fundamental theorems, that is, 
various vanishing theorems, the base point free theorem, the rationality 
theorem, the cone theorem, and so on, for semi log canonical pairs. 
Note that all the fundamental theorems for log canonical pairs can be 
proved without using the theory of quasi-log varieties (see [F8] and 
|F9j ). We also note that all the results in this section except Theorem 
11.71 are new even for semi log canonical surfaces. 

Example 1.3. Let X be an equi-dimensional projective variety having 
only normal crossing points and pinch points. Then X is a semi log 
canonical variety. By Theorem II .2\ X has a natural quasi-log structure. 
Therefore, all the theorems in this section hold for X. 

Note that h is not necessarily birational in Theorem 11.21 It is a key 
point of the theory of quasi-log varieties. 

Remark 1.4 (Double covering trick due to Kollar). If the irreducible 
components of X have no self-intersection in codimension one, then we 
can make h : Z — > X birational in Theorem II .21 For some applications, 
by using Kollar 's double covering trick (cf. Lemma \5.1\i , we can reduce 
the problem to the case when the irreducible components of X have no 
self-intersection in codimension one. This reduction sometimes makes 
the problem much easier not only technically but also psychologically. 
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Let us quickly recall a very important example. We recommend the 
reader to see |F4[ Section 3.6] for related topics. 

1.5 (Whitney umbrella). Let us consider the Whitney umbrella X = 
(x 2 — y 2 z = 0) C A 3 . In this case, we take a blow-up Bl c A. 3 — >■ A 3 of 
A 3 along C = (i = i/ = fl)cA 3 and put M = Bl c A 3 and Z = X' + E, 
where X' is the strict transform of X on M and E is the exceptional 
divisor of the blow-up. Then the projective surjective morphism h : 
Z — > X gives a quasi- log structure to the pair (X, 0). Since Z is 
a quasi-projective simple normal crossing variety, we can easily use 
the theory of mixed Hodge structures and obtain various vanishing 
theorems for X. It is a key point of the theory of quasi-log varieties. 
Note that K z = h*K x and KO z ^ O x . Although g = h\ x > ■ X' ->■ X 
is a resolution of singularities, it does not have good properties. It is 
because X is not normal and O x $! Q*Dx<- 

By Theorem 11.21 we can prove the following vanishing theorem (see 
|KMM[ Theorem 1-2-5]). It is a generalization of the Kawamata- 
Viehweg vanishing theorem. 

Theorem 1.6 (Vanishing theorem I). Let (X, A) be a semi log canon- 
ical pair and let tt : X — >■ S be a projective morphism onto an algebraic 
variety S . Let D be a Weil divisor on X whose support does not con- 
tain any irreducible components of the conductor of X and which is 
Q-Cartier, or a Cartier divisor on X . Assume that D — (K x + A) is 
tt -ample. Then R l n^O x {D) = for every i > 0. 

As a special case of Theorem II. 6[ we have the Kodaira vanishing 
theorem for semi log canonical varieties (cf. [KSS, Corollary 6.6]). 

Theorem 1.7 (Kodaira vanishing theorem) . LetX be a projective semi 
log canonical variety and let C be an ample line bundle on X. Then 
H r (X, uj x <g) C) = for every i > 0. 

Note that the dual form of the Kodaira vanishing theorem, that is, 
H l (X, C' 1 ) = for i < dimX, is treated by Kovacs-Schwede-Smith. 
For the details, see |KSS. Corollary 6.6]. In general, X is not Cohen- 
Macaulay. Therefore, the dual form does not follow from Theorem 11.71 
because the Serre duality does not always hold. 

Theorem 11.61 is a special case of the following theorem: Theorem 11.81 
It is a generalization of the vanishing theorem of Reid-Fukuda type. 
The proof of Theorem 11.81 is much harder than that of Theorem 11.61 

Theorem 1.8 (Vanishing theorem II). Let (X, A) be a semi log canon- 
ical pair and let tt : X — >■ S be a projective morphism onto an algebraic 
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variety S . Let D be a Weil divisor on X whose support does not con- 
tain any irreducible components of the conductor of X and which is 
Q-Cartier, or a Cartier divisor on X . Assume that D — (Kx + A) is 
nef and log big over S with respect to (X, A). Then R l ir Je Ox(D) = 
for every i > 0. 

For applications to the study of linear systems on semi log canon- 
ical pairs, Theorem ll.9[ which is a generalization of the Kawamata- 
Viehweg-Nadel vanishing theorem, is more convenient (cf. |F9[ Theo- 
rem 8.1]). See also Remark 15.21 below. 

Theorem 1.9 (Vanishing theorem III). Let (X, A) be a semi log canon- 
ical pair and let ir : X — >• S be a projective morphism onto an algebraic 
variety S. Let D be a Cartier divisor on X such that D — (Kx + A) 
is nef and log big over S with respect to (X, A). Assume that X' is a 
union of some sic strata of (X, A) with the reduced structure. Let Ix> 
be the defining ideal sheaf of X' on X . Then R l ir*(Tx> <8> Ox{D)) = 
for every i > 0. 

Note that our proof of the vanishing theorems uses the theory of 
the mixed Hodge structures on compact support cohomology groups 
(cf. \F6\ Chapter 2]). Therefore, Theorems 11.61 [TT71 ll.8[ and 11.91 are 
Hodge theoretic (see also |F5j . |F9] , and |F11] ). 

We can also prove a generalization of Kollar's torsion-free theorem 
for semi log canonical pairs (cf. |KMMt Theorem 1-2-7], \F2\ Theorem 
2.2], |F9[ Theorem 6.3 (hi)], and so on). 

Theorem 1.10 (Torsion- free theorem). Let (X, A) be a semi log canon- 
ical pair and let it : X — >■ S be a projective morphism onto an algebraic 
variety S. Let D be a Weil divisor on X whose support does not con- 
tain any irreducible components of the conductor of X and which is 
Q-Cartier, or a Cartier divisor on X . Assume that there exists an K- 
Cartier M.-divisor H on X such that D — (Kx + A) ~R )7r H and that 
H is nef and log abundant over S with respect to (X, A) . Then every 
associated prime of Bj"K*Ox{D) is the generic point of the n-image of 
some sic stratum of (X, A) for every i. 

By the following adjunction formula, which is a direct consequence 
of Theorem 11.21 we can apply the theory of quasi-log varieties to any 
union of some sic strata of a quasi-projective semi log canonical pair 
(X,A). 

Theorem 1.11 (Adjunction). Let (X, A) be a quasi-projective semi log 
canonical pair and let X' be a union of some sic strata of (X, A) with 
the reduced structure. Then [X', (K x + A)|x'] has a natural quasi-log 
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structure with only qlc singularities induced by the quasi-log structure 
on [X, Kx + A] constructed in Theorem 11.21 Therefore, W is a qlc 
center of [X', (Kx + A) |x'] if and only if W is an sic stratum of (X, A) 
contained in X' . In particular, X' is semi-normal. 

Theorem 11.121 which is a vanishing theorem for a union of some 
sic strata, is very powerful for various applications (cf. |F9| Theorem 
11.1]). See Remark II .151 below. 

Theorem 1.12 (Vanishing theorem IV). Let (X, A) be a semi log 
canonical pair and let ti : X — )■ S be a projective morphism onto an 
algebraic variety S . Assume that X' is a union of some sic strata of 
(X, A) with the reduced structure. Let L be a Cartier divisor on X' such 
that L — (Kx + A)|x' is nef over S . Assume that (L — (Kx + A)\x')\w 
is big over S where W is any sic stratum of (X, A) contained in X '. 
Then R*(ic\x>)*O x >(L) = for every i>0. 

Theorem 11.121 directly follows from Theorem 11.111 by the theory of 
quasi-log varieties. 

By Theorem II. 2[ we can use the theory of quasi-log varieties to in- 
vestigate semi log canonical pairs. The base point free theorem holds 
for semi log canonical pairs (cf. [KMMl Theorem 3-1-1]). 

Theorem 1.13 (Base point free theorem). Let (X, A) be a semi log 
canonical pair and let it : X — > S be a projective morphism onto an 
algebraic variety S . Let D be a n-nef Cartier divisor on X . Assume 
that aD — (Kx + A) is n- ample for some real number a > 0. Then 
Ox(fnD) is it -generated for every m ^> ; that is, there exists a positive 
integer itlq such that Ox("JtlD) is ir -generated for every m > itlq. 

We can prove the base point free theorem of Reid-Fukuda type for 
semi log canonical pairs. It is a slight generalization of Theorem 11.131 
Note that Theorem 11.131 is sufficient for the contraction theorem in 
Theorem 11.171 

Theorem 1.14 (Base point free theorem II). Let (X, A) be a semi log 
canonical pair and let it : X — >• S be a projective morphism onto an 
algebraic variety S . Let D be a n-nef Cartier divisor on X . Assume 
that aD — (Kx + A) is nef and log big over S with respect to (X, A) 
for some real number a > 0. Then Ox(rnL)) is it -generated for every 
m ^> 0, that is, there exists a positive integer mo such that Ox(mD) 
is 7i -generated for every m > m . 

From some technical viewpoints, we give an important remark. 
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Remark 1.15. We can prove Theorem 1 1 . 1 31 wit hout using the theory 
of quasi-log varieties. The proofs of the non-vanishing theorem and 
the base point free theorem in |F9] can be adapted to our situation in 
Theorem 11.131 once we adopt Theorem II. 121 For the details, see \F9\ 
Sections 12 and 13]. On the other hand, the theory of quasi-log varieties 
seems to be indispensable for the proof of Theorem 11.141 Therefore, 
the proof of Theorem 11.141 is much harder than that of Theorem 11.131 

It is known that the rationality theorem holds for quasi-log varieties. 
Therefore, as a consequence of Theorem 11.21 we obtain the rationality 
theorem for semi log canonical pairs (cf. |KMM[ Theorem 4-1-1]). Note 
that Theorem 11.161 is just an application of Theorem 11.91 and that the 
proof of Theorem 11.161 does not need the theory of quasi-log varieties 
(see \F9\ Theorem 8.1 and the proof of Theorem 15.1]). 

Theorem 1.16 (Rationality theorem). Let (X, A) be a semi log canon- 
ical pair and let 7t : X — > S be a projective morphism onto an algebraic 
variety S. Let H be a -R-ample Cartier divisor on X . Assume that 
Kx + A is not n-nef and that there is a positive integer a such that 
a(Kx + A) is R-linearly equivalent to a Cartier divisor. Let r be a pos- 
itive real number such that H + r(Kx + A) is n-nef but not ix-ample. 
Then r is a rational number, and in reduced form, it has denominator 
at most a(dimX + 1). 

By using Theorem 11.131 and Theorem 11.161 we obtain the cone and 
contraction theorem for semi log canonical pairs. 

Theorem 1.17 (Cone and contraction theorem). Let (X, A) be a semi 
log canonical pair and let tt : X — >■ S be a projective morphism onto an 
algebraic variety S . Then we have the following properties. 

(1) There are (countably many) rational curves Cj C X such that 
< —(Kx + A) • Cj < 2dimX, vr(Cj) is a point, and 

NE(X/S) = NE(X/S) (Kx+A) > + ^M>o[Q]- 

(2) For any e > and any -n-ample W-divisor H , 

NE(X/S) = NE(X/S) {Kx+a+eH) > + ^>o[Cj}. 

finite 

(3) Let F C NE(X/S) be a (Kx + A) -negative extremal face. Then 
there is a unique morphism ifp '■ X — >■ Z over S such that 
(<Pf)*Ox — Oz, Z is projective over S, and that an irreducible 
curve C C X where 7r(C) is a point is mapped to a point by tpp 
if and only if [C] 6 F. The map ipp is called the contraction 
associated to F . 
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(4) Let F and ip p be as in (3). Let L be a line bundle on X such 
that L ■ C = for every curve [C] G F. Then there is a line 
bundle M on Z such that L ~ <p* F M. 

Although we have established the cone and contraction theorem for 
semi log canonical pairs, a simple example (cf . Example 15.4ft shows that 
we can not run the minimal model program even for semi log canonical 

surfaces. 

We can prove many other powerful results by translating the results 
for quasi-log varieties. For the details of the theory of quasi-log va- 
rieties, see |F6] and |F7j . We recommend the reader to see |F9] for 
various vanishing theorems, the non-vanishing theorem, the base point 
free theorem, the cone theorem, and so on, for pairs (X, A), where X is 
a normal variety and A is an effective M-divisor on X such that i^x + A 
is M-Cartier. The arguments in |F9j are independent of the theory of 
quasi-log varieties and only use normal varieties for the above funda- 
mental theorems. For the abundance conjecture for semi log canonical 
pairs, see |F1] . [G] . |FG] . and [HXJ. These papers are independent of 
the techniques discussed in this paper. 

Finally, in this paper, we are mainly interested in non-normal alge- 
braic varieties. So we have to be careful about some basic definitions. 

1.18 (Big IR-Cartier M-divisors). Let X be a non-normal complete ir- 
reducible algebraic variety and let D be a Q-Cartier Q-divisor on X 
such that mo-D is Cartier for some positive integer rriQ. We can consider 
the asymptotic behavior of dimH°(X, OximmoD)) for m — > oo since 
O x{rnmoD) is a well-defined line bundle on X associated to mm^D. 
Therefore, there are no difficulties to define big Q-Cartier Q-divisors on 
X. Let B be an IR-Cartier IR-divisor, that is, a finite M-linear combina- 
tion of Cartier divisors, on X. In this case, there are some difficulties to 
consider the asymptotic behavior of dim H° (X, Ox(mB)) for m — > oo. 
It is because the meaning of OximB) is not clear. It may happens 
that the support of mB is contained in the singular locus of X. There- 
fore, we have to discuss the definition and the basic properties of big 
IR-Cartier IR-divisors on non-normal complete irreducible varieties. 

We summarize the contents of this paper. In Section [21 we collect 
some basic definitions and results. Section [3] contains supplementary 
results for the theory of quasi-log varieties. Section H] is devoted to the 
proof of the main theorem: Theorem 11.21 The proof heavily depends 
on the recent developments of the theory of resolution of singularities 
for reducible varieties (cf. |Ko2| Section 9.4], |BM] , |BP] ). In Section 
O we treat the fundamental theorems in Section [1] as applications of 
Theorem 11.21 In Section [61 which is an appendix, we discuss the notion 
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of big R-divisors on non-normal algebraic varieties because there are 
no good references on this topic. 
We fix the basic notation. 

Notation. Let B x and B 2 be two R-Cartier R-divisors on a variety X. 
Then Bi is linearly (resp. Q-linearly, or R-linearly) equivalent to B 2 , 
denoted by B\ ~ B 2 (resp. B\ ~q B 2 , or Bi ~ R B 2 ) if 

k 

i=i 

such that fi E T(X, K* x ) and r\ G Z (resp. r,- L G Q, or r\ G R) for every 
%. Here, /Cx is the sheaf of total quotient rings of Ox and K* x is the 
sheaf of invertible elements in the sheaf of rings Kx- We note that 
(fi) is a principal Cartier divisor associated to /«, that is, the image of 
fi by T(X,JC* X ) ->• r(X,/C^/C^), where <9£ is the sheaf of invertible 
elements in Ox- 

Let / : X — > Y be a morphism. If there is an R-Cartier R-divisor B 
on Y such that 

£?x ~ K £? 2 + /*-B, 

then B\ is said to be relatively M.-linearly equivalent to £> 2 . It is denoted 
by -Bi ~ K j £? 2 . 

When X is complete, B\ is numerically equivalent to _B 2 , denoted by 
£?i = £? 2 , if Si • C — B 2 ■ C for every curve C on X. 

Let fbea Q-divisor (resp. R-divisor) on an equi-dimensional variety 
X, that is, D is a finite formal Q-linear (resp. R-linear) combination 

£> = 

i 

of irreducible reduced subschemes of codimension one. We define 
the round-up r D n = Y^fdPDi (resp. round-down l-Dj = ^lc^j-Dj), 
where every real number x, r x n (resp. lu) is the integer defined by 
x < r x n < x + 1 (resp. x — 1 < lxj < x). The fractional part {D} of 
D denotes .D — lDj. We put 

j d <i = d i D ^ and D=1 = Di - 

di<l di = l 

We call D a boundary (resp. subboundary) R-divisor if < di < 1 
(resp. di < 1) for every i. 

Let X be a normal variety and let A be an R-divisor on X such 
that K x + A is R-Cartier. Let / : X — > Y be a resolution such that 
Exc(/) U/^A, where Exc(/) is the exceptional locus of / and J" 1 A is 
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the strict transform of A on F, has a simple normal crossing support. 
We can write 

i 

We say that (X, A) is sub log canonical (sub Ic, for short) if > —1 for 
every i. We usually write a% = a(Ei,X,A) and call it the discrepancy 
coefficient of E with respect to (X, A). If (X, A) is sub log canonical 
and A is effective, then (X, A) is called log canonical (Ic, for short). 

If (X, A) is sub log canonical and there exist a resolution / :Y — >■ X 
and a divisor E on Y such that a(E,X,A) = —1, then f(E) is called 
a log canonical center (Ic center, for short) with respect to (X, A). 

Let X be a smooth projective variety and let D be an R-Cartier 
M-divisor on X. Then k(X,D) denotes Iitaka's D-dimension of D 
(cf. IH Chapter II. 3.2. Definition]). If D is nef, then u(X, D) denotes 
the numerical D-dimension of D (cf. [Nj Chapter V. §2.]). 

Acknowledgments. The author was partially supported by the Grant- 
in-Aid for Young Scientists (A) (120684001 from JSPS. He would like 
to thank Professor Noboru Nakayama for discussions on the topics in 
Section El He would like to thank Professor Janos Kollar for giving 
him a preliminary version of his book |Ko2j . 

We will work over C, the complex number field, throughout this 
paper. Note that, by the Lefschetz principle, all the results hold over 
any algebraically closed filed k of characteristic zero. 

2. Preliminaries 

In this section, we collect some basic definitions and results. First, 
let us recall the definition of conductors. 

Definition 2.1 (Conductor). Let X be an equi-dimensional variety 
which satisfies Serre's S2 condition and is normal crossing in codimen- 
sion one and let v : X v — > X be the normalization. Then the conductor 
ideal of X is defined by 

condx := Hom 0x (v*Ox» ■, O x ) C O x . 

The conductor C x of X is the subscheme defined by condx- Since X 
satisfies Serre's S2 condition and X is normal crossing in codimension 
one, C x is a reduced closed subscheme of pure codimension one in X. 

Definition 2.2 (Double normal crossing points and pinch points). An 
n-dimensional singularity (x 6 X) is called a double normal crossing 
point if it is analytically (or formally) isomorphic to 

(0 G (xqXj. = 0)) C (0 G C n+1 ). 
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It is called a pinch point if it is analytically (or formally) isomorphic to 

(0 6 (xl = Xl xl)) C (0GC n+1 ). 

We recall the definition of semi log canonical pairs. 

Definition 2.3 (Semi log canonical pairs). Let X be an equi-dimensional 
algebraic variety which satisfies Serre's S2 condition and is normal 
crossing in codimension one. Let A be an effective R-divisor whose 
support does not contain any irreducible components of the conductor 
of X. The pair (X, A) is called a semi log canonical pair (an sic pair, 
for short) if 

(1) K x + A is R-Cartier, and 

(2) (X u , O) is log canonical, where v : X v — > X is the normalization 
and K X u + 6 = v*[K x + A). 

We introduce the notion of semi log canonical centers. It is a direct 
generalization of the notion of log canonical centers for log canonical 
pairs. 

Definition 2.4 (Sic center). Let (X, A) be a semi log canonical pair 
and let v : X v — > X be the normalization. We put 

K xv + Q = u*(K x + A). 

A closed subvariety W of X is called a semi log canonical center (an 
sic center, for short) with respect to (X, A) if there exist a resolution 
of singularities / : Y — » X v and a prime divisor E on Y such that the 
discrepancy coefficient a(E,X u , 0) = —1 and v o f(E) = W. 

For our purposes, it is very convenient to introduce the notion of sic 
strata for semi log canonical pairs. 

Definition 2.5 (Sic stratum). Let (X, A) be a semi log canonical pair. 
A subvariety W of X is called an sic stratum of the pair (X, A) if W is a 
semi log canonical center with respect to (X, A) or W is an irreducible 
component of X. 

For the basic properties of semi log canonical pairs, see |Ko2t Section 
5.2]. 

In this paper, we mainly discuss non-normal algebraic varieties and 
divisors on them. We have to be careful when we use Weil divisors on 
non-normal varieties. 

2.6 (Divisorial sheaves). Let D be a Weil divisor on a semi log canonical 
pair (X, A) whose support does not contain any irreducible components 
of the conductor of X. Then the reflexive sheaf O x (D) is well-defined. 
In this paper, we do not discuss Weil divisors whose supports contain 
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some irreducible components of the conductor of X. Note that if D is 
a Cartier divisor on X then Ox{D) is a well-defined invertible sheaf 
on X without any assumptions on the support of D. 

For the details, we recommend the reader to see |Ko2[ 5.6] and [FA[ 
Chapter 16] by Alesio Corti. The remarks in 12.61 are sufficient for our 
purposes in this paper. So we do not pursue the definition of Ox(D) 
any more. 

Next, let us recall the definition of nef and abundant M.-Cartier IR- 
divisors (cf. [KMMl Definition 6-1-1] and [N, Chapter V. 2.2. Defini- 
tion]). For related topics, see Section [61 

Definition 2.7 (Nef and abundant IR-Cartier IR-divisors) . Let X be an 
irreducible complete algebraic variety and let D be a nef IR-Cartier R- 
divisor on X. Then D is abundant if k(Y, f*D) = u(Y, f*D) where / : 
Y — > X is a projective birational morphism from a smooth projective 
variety Y. It is independent of / : Y — > X and well-defined. 

Let 7r : X — > S be a proper surjective morphism from an irreducible 
algebraic variety X onto an algebraic variety S and let D be an IR- 
Cartier R-divisor on X. Then D is nef and abundant over S (or, n-nef 
and 7r- abundant) if D is 7r-nef and D\x is nef and abundant on X n 
where X v is the generic fiber of 7T. 

Remark 2.8. We consider X = P 1 and take P,Q £ X with P ^ Q. 
We put D = \p2P — v2Q. Then it is obvious that D ~r 0. However, 
k(X, D) = — oo because degi_m.Dj < for every positive integer m. 
Note that M-linear equivalence does not preserve Iitaka's D-dimension. 

Definition 2.9 (Nef and log big and nef and log abundant divisors on 
sic pairs). Let (X, A) be a semi log canonical pair and let it : X — > 
S be a proper surjective morphism onto an algebraic variety S. Let 
D be a 7r-nef IR-Cartier IR-divisor on X. Then D is nef and log big 
(resp. nef and log abundant) over S with respect to (X, A) if D\w is big 
(resp. abundant) over S for every sic stratum of (X, A). 

Finally, let us recall the definition of simple normal crossing pairs. 
In |Ko2j and |BPj . a simple normal crossing pair is called a semi-snc 
pair. 

Definition 2.10 (Simple normal crossing pairs). We say that the pair 
(X, D) is simple normal crossing at a point a £ X if X has a Zariski 
open neighborhood U of a that can be embedded in a smooth variety Y, 
where Y has regular local coordinates (xi, ■ ■ ■ ,x p ,yi,--- ,y r ) at a = 
in which U is defined by a monomial equation 

x\ • • • x p = 
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and 

r 

D = J2ai(Vi = )\u, c^eR. 
t=i 

We say that (X, D) is a simple normal crossing pair if it is simple 
normal crossing at every point of X. We say that a simple normal 
crossing pair (X, D) is embedded if there exists a closed embedding 
i : X — > M, where M is a smooth variety of dimX + 1. If (X, 0) 
is a simple normal crossing pair, then X is called a simple normal 
crossing variety. If X is a simple normal crossing variety, then X 
has only Gorenstein singularities. Thus, it has an invertible dualizing 
sheaf bJx- Therefore, we can define the canonical divisor Kx such that 
ux — Ox(Kx)- It is a Cartier divisor on X and is well-defined up to 
linear equivalence. 

Let X be a simple normal crossing variety and let X = [J i€l Xj be 
the irreducible decomposition of X. A stratum of X is an irreducible 
component of X^ R • • • H X ik for some ,ik} C I. 

Let X be a simple normal crossing variety and let D be a Cartier 
divisor on X. If (X, D) is a simple normal crossing pair and .D is 
reduced, then D is called a simple normal crossing divisor on X. 

Let (X, .D) be a simple normal crossing pair such that D is a sub- 
boundary IR-divisor on X. Let z/ : X v — > X be the normalization. We 
define H by the formula 

X x „ +H = z/*(X X + D). 

Then a stratum of (X, .D) is an irreducible component of X or the ta- 
nnage of a log canonical center of (X",S). We note that (X^,H) is 
sub log canonical. When D = 0, this definition is compatible with the 
above definition of the strata of X. When D is a boundary IR-divisor, 
is a stratum of (X, D) if and only if W is an sic stratum of (X, D). 
Note that (X, D) is semi log canonical if D is a boundary M-divisor. 

The reader can find various vanishing theorems and a generaliza- 
tion of the Fujita-Kawamata semi-positivity theorem for simple nor- 
mal crossing pairs in |F6j . |Fllj . and |FF| . All of them depend on the 
theory of the mixed Hodge structures on compact support cohomology 
groups. 

3. Supplements to the theory of quasi-log varieties 

In this section, let us give supplementary arguments to the theory of 
quasi-log varieties (cf. [A]). For the details of the theory of quasi-log 
varieties, see [F61 Chapter 3] and [F7j . First, let us recall the definition 

of quasi-log varieties with only qlc singularities. 
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Definition 3.1 (Quasi- log varieties with only qlc singularities). A 

quasi-log variety with only qlc singularities is a (not necessarily equi- 
dimensional) variety X with an M-Cartier M-divisor u, and a finite 
collection {C} of reduced and irreducible subvarieties of X such that 
there is a proper morphism / : (Y, Ay) — > X from a globally embedded 
simple normal crossing pair satisfying the following properties. 

(1) f*u ~k K Y + Ay such that Ay is a subboundary M-divisor. 

(2) There is an isomorphism 

Ox ~ /*0y( r -A<^). 

(3) The collection of subvarieties {C} coincides with the image of 
the (Y, Ay)-strata. 

The subvarieties C are called the qlc centers of [X, uj] , and / : (Y, Ay) — >■ 
X is called a quasi-log resolution of [X, oj\. We sometimes simply say 
that [X, uf\ is a qlc pair, or the pair [X, u] is qlc. 

In Definition I3.1[ we used the notion of globally embedded simple 
normal crossing pairs, which is much easier than the notion of embed- 
ded simple normal crossing pairs from some technical viewpoints. It 
is obvious that a globally embedded simple normal crossing pair is an 
embedded simple normal crossing pair. 

Definition 3.2 (Globally embedded simple normal crossing pairs). 
Let Y be a simple normal crossing divisor on a smooth variety M 
and let B be an M-divisor on M such that Supp(S + Y) is a simple 
normal crossing divisor and that B and Y have no common irreducible 
components. We put Ay = B\y and consider the pair (Y, Ay). We 
call (Y, Ay) a globally embedded simple normal crossing pair. 

Let us recall the following very useful lemma. By this lemma, it is 
sufficient to treat globally embedded simple normal crossing pairs for 
the theory of qlc pairs. 

Lemma 3.3 (cf. |F6} Proposition 3.57]). Let (Y, Ay) be an embedded 
simple normal crossing pair such that Ay is a subboundary M,-Cartier 
M.-divisor on Y . Let M be the ambient space of Y . Then we can 
construct a sequence of blow-ups 

M k ^M k . 1 ^...^M = M 

with the following properties. 

(1) cr i+ i : M i+ i — > Mi is the blow-up along a smooth irreducible 
component o/SuppAy for every i. 
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(2) We put Yq = Y and A Yo = Ay. We define Y{ + i as the strict 
transform of Yi on M i+1 for every i. Note that is a simple 
normal crossing divisor on Mj for every i. 

(3) We define Ay +1 by 

Ky i+1 + A Yi+1 = a* +1 {K Yi +A Yi ) 

for every i. 

(4) There exists an M.-divisor B on such that Supp(5 + Y k ) 
is a simple normal crossing divisor on M k , B and Y^ have no 
common irreducible components, and B\ Yk = A Yk . 

(5) a*0 Yk ( r -A<p) ~ Y ( r -A<^) where a = a x o. ■ -oa k : M k 
M. 

Proof. All we have to do is to check the property (5). The other prop- 
erties are obvious by the construction of blow-ups. By 

K Yi+1 +A Yi+1 =a* +1 (K Yi + A Yi ), 

we have 

^ +1 =tT* +1 (^ + {A ri } + A^) 

+ a* + +A<^ - lA^j - A^ +i - {A Yi+1 }. 

We can easily check that <7* +1 i_A y \ 1 j — lA^.^j is an effective cr i+1 - 
exceptional Cartier divisor on Y i+ i. It is because a{y, Yi, {A Yi }+A Y l ) = 
— 1 for a prime divisor v over Yi implies a[y, Yi, A Yj ) = —1. Thus, we 
can write 

< + i r -A^ + E = r - A<^ 

where E is an effective cij+i -exceptional Cartier divisor on Y i+1 . This 
implies that a i+u O Yi+1 ( r -A< x +i n ) ~ Yi ( r -A Y p) for every i. Thus, 
a*<D Yk (r-A<p)~6 Y (r-A<^). 1 ' □ 

Although we do not need the following theorem explicitly, it is very 
important and useful. It helps the reader to understand quasi-log struc- 
tures. 

Theorem 3.4 (cf. [A, Proposition 4.8], [EH Theorem 3.45]). Let [X,u] 
be a qlc pair. Then we have the following properties. 

(i) The intersection of two qlc centers is a union of qlc centers. 

(ii) For any point P 6 X , the set of all qlc centers passing through 
P has a unique element W . Moreover, W is normal at P. 

By Theorem 11.21 (5) and Theorem 13.41 we have an obvious corollary. 



FUNDAMENTAL THEOREMS FOR SEMI LOG CANONICAL PAIRS 15 



Corollary 3.5. Let (X, A) be a quasi-projective semi log canonical 
pair and let W be a minimal sic stratum of the pair (X, A) . Then W 
is normal. 

The following result is a key lemma for the proof of Theorem 13.41 (ii) . 
We contain it for the reader's convenience. 

Lemma 3.6. Let f : X — >■ Y be a proper surjective morphism from a 
simple normal crossing variety X to an irreducible variety Y . Assume 
that every stratum of X is dominant onto Y and that f*Ox — Oy. 
Then Y is normal. 

Proof. Let v : Y v — > Y be the normalization. By applying |BMt Theo- 
rem 1.5] to the graph of the rational map v~ x of : X --■> Y", we obtain 
the following commutative diagram: 

Z X 



yv y y 

V 

such that 

(i) Z is a simple normal crossing variety, and 

(ii) there is a Zariski open set U (resp. V) of Z (resp. X) such 
that U (resp. V) contains the generic point of any stratum of 
Z (resp. X) and that a\u : U — > V is an isomorphism. 

Then it is easy to see that a*Oz — Ox- Therefore, 

Oy ~ fJDx - f*a*O z ^ v&Oz D V.Oyv. 

This implies that Oy ~ v*Oyv . So, we obtain that Y is normal. □ 



We recommend the reader to see [F7] for the basic properties of qlc 
pairs. Note that adjunction and vanishing theorem (cf. |F7l Theorem 
3.6]) for qlc pairs is one of the most important properties of qlc pairs. 

4. Proof of the main theorem 

Let us start the proof of the main theorem: Theorem 11.21 

Proof of Theorem 11.21 We divide the proof into several steps. We re- 
peatedly use |BM] . [BP] , and \Ko2\ 9.4. Semi- log- resolution] . We prove 
Theorem 11.21 simultaneously with Remark 11.41 

Step 1. Let X ncp denote the open subset of X consisting of smooth 
points, double normal crossing points and pinch points. Then, by [BM, 
Theorem 1.17], there exists a morphism /i : X± — > X which is a finite 
composite of admissible blow-ups, such that 
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(i) x, = xr, 

(ii) f\ is an isomorphism over X ncp , and 

(hi) SingXi maps birationally onto the closure of SingX ncp . 
Since X satisfies Serre's S 2 condition and coding (X \ X ncp ) > 2, we 
can easily check that fi*Ox 1 — Ox- 

Remark 4.1 (cf. |Ko2t Corollary 9.54]). In Step[IJ we assume that the 
irreducible components of X have no self-intersection in codimension 
one. Let X snc2 be the open subset of X which has only smooth points 
and simple normal crossing points of multiplicity < 2. Then there is a 
projective birational morphism fi : X\ — > X such that 

(i) x x = xr 2 , 

(ii) fi is an isomorphism over X snc2 , and 

(iii) SingXi maps birationally onto the closure of SingX snc2 . 

Step 2 (cf. |Ko2t Proposition 9.60]). By the construction in Step [TJ 
Xi is quasi-projective. Therefore, we can embed Xi into P . We pick 
a finite set W C X\ such that each irreducible component of SingXi 
contains a point of W. We take a sufficiently large positive integer d 
such that the scheme theoretic base locus of \OpN(d) \ is X x near 
every point of W, where X x is the closure of X x in F N and is the 
defining ideal sheaf of X\ in F N . By taking a complete intersection of 
(X — dim Xi — 1) general members of | O w n (d) ®X^ i | , we obtain FdIi 
such that Y is smooth at every point of W. Note that we used the fact 
that Xi has only hypersurface singularities near W. By replacing Y 
with Y \ (Xi \Xi), we may assume that Xi is closed in Y. 

Step 3. Let g : Y<i — > Y be a resolution, which is a finite composite of 
admissible blow-ups. Let X2 be the strict transform of X\ on Y}. Note 
that j'2 = g\x 2 '■ X2 — > X\ is an isomorphism over the generic point 
of any irreducible component of SingXi because Y is smooth at every 
point of W. 

Step 4. Apply [EMI Theorem 1.17] to X 2 C Y 2 (see also Proof of 
Theorem 1.17 in [BM] ). We obt ain a projective birational morphism 
g 3 : Y 3 — > Y 2 , which is a finite composite of admissible blow-ups, from a 
smooth variety Y3 with the following properties (i), (ii), and (iii). Note 
that X3 is the strict transform of X 2 on Y3 and /3 = <?3|y 3 : X3 — > X 2 . 

(i) X 3 = X 3 lcp , 

(ii) fs is an isomorphism over X 2 cp , and 

(iii) SingX 3 maps birationally onto the closure of SingX^ 013 . 

Let E be an irreducible component of SingX 3 . If E — > (f 2 o f3)(E) is 
not birational, then we take a blow-up of Y 3 along E and replace X 3 
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with its strict transform. After finitely many blow-ups, we may assume 
that X 3 satisfies (i), (ii), and 

(iv) SingX 3 maps birationally onto SingXx by / 2 o / 3 . 

From now on, we do not require the property (iii) above. By the above 
constructions, we can easily check that (/ 2 o / 3 )„0 X3 ~ Xl since X 1 
satisfies Serre's S 2 condition. 

Remark 4.2. When X\ is a simple normal crossing variety, we apply 
Szabo's resolution lemma to the pair (Y^, X 2 ) in StepHl Then we have 
the following properties. 

(i) X 3 = Xf 10 , and 

(ii) f 3 is an isomorphism over X^ c . 

By taking more blow-ups if necessary, we may further assume 
(iv) SingX 3 maps birationally onto SingXx by / 2 o f 3 . 

Step 5. We put 

K Xl + A 1 = fi{K x + A) 

and 

K X3 + A 3 = (/io/ 2 o f 3 )*(K x + A). 

Note that X\ and X 3 have only Gorenstein singularities. Therefore, 
Ai and A 3 are M-Cartier M-divisors. We also note that the support 
of Ai (resp. A 3 ) does not contain any irreducible components of the 
conductor of Xi (resp. X 3 ). Let v 3 : X^ — > X 3 be the normalization. 
We put 

K X u + Q 3 = u*(K Xa + A 3 ). 

Then the pair (X 3 , G 3 ) is sub log canonical because (X, A) is semi log 
canonical. 

Step 6. Let X| nc denote the simple normal crossing locus of X 3 . Let 
C be an irreducible component of X 3 \ X 3 nc . Then C is smooth and 
dimC = dimX 3 — 1. Let a : W — > Y 3 be the blow-up along C and let 
V be a _1 (X 3 ) with the reduced structure. Then we can directly check 
that (3*O v — Xz where /3 = a\y. We put 

K v + A v = f3*(K X3 +A 3 ). 

Note that K v = (3*K Xa and A v = f3*A 3 . Let v : V v -> V be the 
normalization of V. Then (V", Qy) is su b log canonical, where Ky» + 
Q yv = u*(Ky + Ay). When C is a double normal crossing points locus, 
it is almost obvious. If C is a pinch points locus, then it follows from 
Lemma 14.41 below. By repeating this process finitely many times, we 
obtain a projective birational morphism g± : Y± — > Y 3 from a smooth 
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variety Y4 and a simple normal crossing divisor X 4 on Y4 with the 
following properties. 

(i) U*Ox 4 ^ Xs where / 4 = g±\ XA - 

(ii) We put 

Kx 4 + A 4 = / 4 *(K X 3+A 3 ). 
Then (X%, 64) is sub log canonical where z/ 4 : X% — )■ X 4 is the 
normalization and X^ + @4 = v2(Kx 4 + A4). 

Remark 4.3. We can skip Step [6] if X3 = X| nc . Therefore, we can 
make h : Z — > X birational when the irreducible components of X 
have no self-intersection in codimension one (cf. Remarks 14. 1 1 and 14. 2p . 
It is because fa in Step [7] below is always birational. 

Step 7 (cf. |BP[ Section 5]). Let U be the largest Zariski open subset 
of X 4 such that (U, A 4 |;y) is a simple normal crossing pair. Then there 
is a projective birational morphism : Y§ — > Y4 given by a composite 
of blow-ups with smooth centers with the following properties. 

(i) Let X 5 be the strict transform of X 4 on Y 5 . Then / 5 — gs\xs '■ 
X 5 — > X 4 is an isomorphism over U. 

(ii) (X 5 ,/ 5 ^ 1 A 4 + Exc(/5)) is a simple normal crossing pair, where 
Exc(/ 5 ) is the exceptional locus of / 5 . By the construction, we 
can check that f$*Ox 5 — Ox 4 - 

Step 8. We put M = Y 5 , Z = X 5 , and h = h ° h ° h h h ■ Z = 
X 5 — > X. Note that M is a smooth quasi-projective variety and Z is a 
simple normal crossing divisor on M. We put 

K z + A z = h*(K x + A). 

Then (Z, Az) is a simple normal crossing pair by the above construc- 
tion. Note that Az is a subboundary R-divisor on Z. 

For the proof of Theorem II .2\ we have to see that h^Ozi^ — A^ 1_l ) ~ 
Ox- We will prove it in the subsequent steps. 

Step 9. It is obvious that 

f u O Xl ( r -Af^)^O x . 
It is because r — Af ln is effective and /i-exceptional. Note that fi*0 Xl ~ 
O x . 

Step 10. We can easily check that 

Xl C (f 2 of 3 )*0 X3 ( r -A<^) c Xl { r -A^). 
We note that r — A3 1_l is effective. Therefore, 

(/l0/ 2 0/3)A 3 ( r -A 3 <ln )^0x. 
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Step 11. We use the notation in Step El Let a : W — > Y 3 be the blow- 
up in Step El Note that Ay = /3*A 3 and K v = (3*K X3 - Therefore, we 
have 

< r -A^ ln < /T( r -A< ln ). 

See the description of the blow-up in Lemma 14.41 when a : W — > Y3 is 
a blow-up along a pinch points locus. Thus 

O x , c [3*O v f-A<^) c Ox 3 ( r -A<^) 
since /3*CV ~ Ox 3 - Therefore, we obtain that 

Ox 3 c f u O x ^-A<^) c X3 f-A<^). 
This implies that (f, of 2 of 3 o f^O X4 ( r -A<^) ~ O x . 
Step 12. It is easy to see that 

Xi C / 5 ^x 5 ( r -A<^) C O^f-Af) 
because f$ is a birational map. Thus 

(/1 ° h o fs o u ° h)*o X5 ( r -A<^) ~ 

So we obtain /,C z ( r -A< ln ) ~ C x . It means that ft, : (Z, A z ) ^ X is 
a quasi-log resolution of [X, K x + A] . 

Step 13. By the construction, it is easy to see that Kz + Az ~r 
h*(K x + A) and that W is an sic stratum of (X, A) if and only if W is 
the ft-image of some stratum of the simple normal crossing pair (Z, Az) 
(cf. Lemma [4.4p . 

By applying Lemma 13.31 we may assume that there is an M-Cartier 
M-divisor B on M such that B and Z have no common irreducible 
components, Supp(5 + Z) is a simple normal crossing divisor on M, 
and B\z = Az after taking some blow-ups. We complete the proof of 
Theorem 11.21 □ 

The following easy local calculation played a crucial role in the proof 
of Theorem 11.21 

Lemma 4.4. We consider 

V = (x\ - xjx 3 = 0) C A n+1 = SpecCfxi, • • • , x n+1 ] 

and 

C = (xi =x 2 = 0) C V C A" +1 . 

Let y? : BlcA n+1 —s- A n+1 be the blow-up whose center is C . Let W ~ 
CxP 1 be the exceptional divisor of the above blow-up and let tt = <p\w : 
W — >■ C be the natural projection. We put D = V'\w where V is the 
strict transform of V on BlcA n+1 . Assume that B is an M.-Cartier 
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M.-divisor on C such that (D, tt*B\d) is sub log canonical. Then the 
pair (W, D + n*B) is sub log canonical. 

Furthermore, we obtain the following description. A closed subset Q 
of C is the n-image of some le center of (W, D + n*B) if and only if 
Q = C or Q is the ir\£,-image of some le center of (D,tt*B\d). 

Proof. We can check that Kw + D — ir*(Kv\c) because 



K 



Bl ( 



-1 +V + W = ifi*(K A n+l +V). 



Therefore, K w + D + n*B = tt*(K v \ c + B). Note that it is easy to 
see that D is a smooth divisor on W and that 7r|£> : D — > C is a finite 
morphism with deg 7r 1^ = 2 which ramifies only over A, where 

A = (m = x 2 = x 3 = 0) C C C V C A n+1 . 

By adjunction, Kb = (tt\d)*(Kv\c)- We consider the following base 
change diagram 

W W 



C 4r 



where W = W x c D. Then we obtain 

1 



D 



K W ~q* ^-7C*Aj+q*D = p*K D 
by K w + D = n*(K v \ c ) and K D = (7r| jD )*( J KV|o), and have 
(9) K w - q* + V*D + <f**B = p*(K D + tt*B\ d ). 

Note that q*D = Di + D 2 such that D l and D 2 are sections of p : W — > 
D. By the construction, we can check that D\\rj 2 = q* (^ir*A\ |_d 2 and 
D 2 \d 1 = q* (§tt*^4) |z?!- We also note that p is smooth and p : D\C\D 2 ~ 
^(h\d)*A. We take a resolution of singularities a : — > D of the pair 
(D, n*(A + B)\ D ), which is a finite composite of blow-ups whose centers 
are smooth. We consider the base change of p : W — > D by a. 



W 



D 



Then = W is smooth since p is smooth. By the above 

construction, we can easily see that all the discrepancy coefficients of 
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(W, -q* (§7r*A) + q*D + q*7T*B) are > -1 since (D, tt*B\ d ) is sub log 

canonical and the equation holds. Therefore, (W, —q* ^ti*A) + 
q*D + q*n*B) is sub log canonical. Since 

K W - q* (l^A + 1* D + Q*** B = Q*( K w + D + k*B), 

we have that (W, D + ir*B) has only sub log canonical singularities. 

The description of the 7r-images of lc centers of (W, D + 7r*B) is 
almost obvious by the above discussions. □ 

5. Proofs of the fundamental theorems 

In this section, we prove the theorems in Section [U First, let us 
recall Kollar's double covering trick. 

Lemma 5.1 (A natural double cover due to Kollar). Let (X, A) be 

a semi log canonical pair. Then we can construct a finite morphism 
p : X — > X with the following properties. 

(1) Let X° be the largest Zariski open subset whose singularities are 
double normal crossing points only. Then 

p° = p\ p -i {x0) : X° :=p~\X )^X 

is an etale double cover. 

(2) X satisfies Serre's S2 condition, p is etale in codimension one, 
the normalization of X is a disjoint union of two copies of the 
normalization of X. 

(3) The irreducible components of X are smooth in codimension 
one. 

In particular, (X, A) is semi log canonical where 

Kx + A=p*(K x + A). 

For the construction and related topics, see |Ko2[ 5.21]. Let us start 
the proofs of the fundamental theorems in Section [TJ 

Proof of Theorem 11.61 and Theorem 11.81 It is sufficient to prove Theo- 
rem [L8j It is because Theorem 1 1.61 is a special case of Theorem II .81 By 
Lemma [57TI we can take a double cover p : X — > X. Since Ox(D) is 
a direct summand of p*0 x {p* D) , we may assume that the irreducible 
components of X are smooth in codimension one by replacing X with 
X. Without loss of generality, we may assume that S is affine by 
shrinking S. Therefore, X is quasi-projective. By Theorem II. 2\ we 
can construct a quasi- log resolution h : Z — > X. Note that we may as- 
sume that h is birational by Remark 11.41 We may further assume that 
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Supp/i*L> U SuppAz is a simple normal crossing divisor on Z by |BP| 
Theorem 1.2] when D is not a Cartier divisor. By the construction, 

h*D + r -A<^ - (K z + Af + {A z }) ~ K -h*(K x + A). 

If D is Cartier, then 

K^KOzQCD + r -A<^) ~ R i -K^O x (D) = 

for every i > by [Efil Theorem 3.39]. Note that KO z {h*D+ r -A< ln ) ~ 
Ox{D). From now on, we assume that -D is not Cartier. Let = 
^2ibiBi and {A^} = J2i c i^i be the irreducible decompositions. If 
Cj > 6j, then we put cfj = and = q — 6, > 0. If q < 6j, then we put 
= 1 and = q + 1 — 6j < 1. We define E = r — A| 1_l + ^\ djBj and 
F = Yli e iBi- Then we have 

i_h*Dj + £ - (Kz + A^ 1 + F) ~ M + A). 

By the construction, E is an effective /i-exceptional divisor on X and 
{F} = 0. Note that E and are both Cartier divisors on Z. It 

is because Supph*D U SuppA^ is a simple normal crossing divisor on 
Z and h*D and A^ are M-Cartier R-divisors on Z. By |F6j. Theorem 
3.39], we obtain that 

ffn*h*O z (L.h*D_i + E) = 

for every i > 0. Therefore, K l "ir*Ox{D) = for every z > since 
KO z (L.h*D_i + E)~O x (D). □ 

Proof of Theorem 11.91 Since the claim is local, we may assume that S 
is quasi-projective by shrinking S. By Theorem 11.21 [X, Kx + A] has 
a quasi-log structure induced by the semi log canonical structure of 
(X, A) since X is quasi-projective. Therefore, R z tt*(Xx' <8> Cx(-D)) = 
for every % > by |F6| Theorem 3.39]. □ 

Remark 5.2. Let {Ci} i€ i be the set of sic strata of (X, A). We put 

7i = {i e / 1 a c X'} 

and 

I 2 = {ieI\Ci<£ X'}. 

Then, for the vanishing theorem: Theorem ll.9[ the following weaker 
assumption is sufficient. 

• D — [Kx + A) is nef over S and (D — (Kx +A))\c i is big over 
S for every % e I 2 . 

It is obvious by the proof given in |F6l Theorem 3.39]. 
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Proof of Theorem 11.101 It is obvious that the claim holds for n*Ox(D)- 
By Lemma [5.11 we can take a natural double cover p : X — > X. Since 
Ox(D) is a direct summand of p*O x (p*D), we may assume that the 
irreducible components of X have no self-intersection in codimension 
one by replacing X with X. Without loss of generality, we may assume 
that S is affine by shrinking S. Therefore, X is quasi-projective and 
we can apply Theorem II .21 Let h : Z — > X be a morphism constructed 
in Theorem 11.21 We may assume that h is birational (cf. Remark II .4p . 
Note that 

h*D + r -A<^ - (K z + {A z } + Af) ~ R h*H. 

As in the proof of Theorem 11.61 and Theorem II. 8[ we can write 

\_h*Dj + E-(K Z + Af + F) ~ M h*H 

when D is not Cartier. Therefore, every associated prime of R l (7r o 
h)*Oz(\-h*D_i + E) is the generic point of the 7r-image of some sic 
stratum of (X, A) for every i (cf. [F6, Theorem 2.52]). Since 

R x ^O x {D) ~ R\*{h*O z {\_h*Dj + E)) 

C i? 1 (7ro/i),O z ( L /i* J Dj + J E), 

the claim holds for R}tt*Ox{D). When D is Cartier, it is sufficient to 
replace + E with h*D + r — A^ 1_l in the above arguments. Let 

A be a sufficiently 7r-ample general effective Cartier divisor on X. By 
considering the short exact sequence 

O x {D) ->• O x (D +A)-t O a {D +A)-*0, 

we obtain 

R'^OxiD) ~ i? i - 1 (7rU),C A ( J D + A) 

for every i > 2 since R l 7r*Ox(D + A) = for z > 1. By induction 
on dimension, every associated prime of R 1 ~ 1 {ti\a)*Oa{D + A) is the 
generic point of the Tr^-image of some sic stratum of (A, A\a) for every 
i. Note that (A,A\a) is semi log canonical with [K x + A + A)\ A = 
Ka + A\ A and that h*A = h~ x A and Supp(/i^ 1 A + A z ) are simple 
normal crossing divisors on Z since A is general. Therefore, the claim 
holds for B*ic m O x (D) ~ i? i - 1 (7rU),C A (D + A) for every i > 2. We 
complete the proof. □ 

Proof of Theorem 11.111 By Theorem 11.21 [X, Kx + A] has a quasi-log 
structure. Note that W is an sic stratum of (X, A) if and only if W is a 
qlc center of [X, Kx + A] by Theorem ll.2l (5). Therefore, by adjunction 
for quasi-log varieties (cf. |F6t Theorem 3.39] and \F7\ Theorem 3.6]), 
[X',(Kx + A)|x'] has a natural quasi-log structure induced by the 



24 



OSAMU FUJINO 



quasi-log structure of [X, Kx + A]. Since [X', (K x + A)\x'] is a qlc pair, 
X' is semi-normal (cf. [F61 Remark 3.33] and |F7[ Remark 3.2]). □ 

Proof of Theorem 11.121 Without loss of generality, we may assume that 
S is affine by shrinking S. Therefore, we may assume that X is quasi- 
projective and [X, K x + A] has a quasi-log structure by Theorem II .21 
By Theorem II. Ill [X', (Kx + A)|x'] has a natural quasi-log structure 
induced by that of [X,Kx + A]. Therefore, this theorem is a special 
case of the vanishing theorem for quasi-log varieties (cf. [F6[ Theorem 
3.39 (ii)]). □ 

Remark 5.3. In Theorems OJ OJ OUl OTl and Q21 if (X, A) is 

log canonical, then it is sufficient to assume that it is proper. It is 
because (X, A) has a natural quasi-log structure when (X, A) is log 
canonical (cf. [F61 Example 3.42] and |F7j Proposition 3.3]). 

Proof of Theorem 11.131 and Theorem 11.141 By shrinking S, we may as- 
sume that S is affine and X is quasi-projective. Therefore, by applying 
Theorem ll.2[ (X, A) has a natural quasi-log structure. Thus, by \F6\ 
Theorem 3.36] and [F6, Theorem 4.1], we obtain that Ox(mD) is tt- 
generated for every m ^> 0. □ 

Proof of Theorem 11.161 The proof of |F9} Theorem 15.1] works with 
minor modifications if we adopt Theorem 11.91 We do not need the 
theory of quasi-log varieties for the proof of the rationality theorem. □ 

Proof of Theorem 11.171 The proof of |F9| Theorem 16.1] works with 
minor modifications by Theorem II. 161 and Theorem 1 1.1 31 Here we only 
give a supplementary argument on (1). Let R be a (K x + A)-negative 
extremal ray. Then there is a contraction morphism tp^ : X — > Z over 
S associated to R (cf. (3)). Note that — (K x + A) is v?j?-ample. Let 
v : X v — > X be the normalization. We put K x » + = y*(K x + A). 
Then — {Kx v + 0) is (v?_r ° z/)-ample and (fn o v is nontrivial. Note that 
(X u , 0) is log canonical. By \F9\ Theorem 18.2], we can find a rational 
curve C on X v such that -{K x « + ©) • C < 2 dimX^ and ((p R o v){C) 
is a point. We put C = v(C). Then C is a rational curve on X and 
— (Kx + A) • C < 2 dimX such that <Pr(C) is a point. Therefore, C is 
a desired curve in (1). □ 

We close this section with an important example. This example 
shows that we can not run the minimal model program even for semi 
log canonical surfaces. 

Example 5.4 (cf. [F6| Example 3.76]). We consider the first projection 
p : P 1 x P 1 -> P 1 . We take a blow-up \i : Z ->■ P 1 x P 1 at (0, oo). Let 
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Aoo (resp. Aq) be the strict transform of P 1 x {00} (resp. P 1 x {0}) 
on Z. We define M = F z (O z © O z (A )) and X is the restriction of 
M on (po /i )- 1 (0). Then X is a simple normal crossing divisor on M. 
More explicitly, X is a P^-bundle over (p o yu) _1 (0) and is obtained by 
gluing X x = P 1 x P 1 and X 2 = P P i(£> pl © £> P i(l)) along a fiber. In 
particular, (X, 0) is a semi log canonical surface. By the construction, 
M — > Z has two sections. Let D + (resp. D~) be the restriction of 
the section of M -> Z corresponding to O z © O z (A ) ->■ O z (A ) ->■ 
(resp. O z ®O z (Aq) — )■ — >■ 0). Then it is easy to see that -D + is a nef 
Cartier divisor on X and that the linear system |m.D + | is free for every 
m > 0. Note that M is a projective toric variety. Let E be the section 
of M Z corresponding to O z © Oz(^o) -> C z (^o) -»■ 0. Then, it is 
easy to see that E is a nef Cartier divisor on M. Therefore, the linear 
system \E\ is free. In particular, \D + \ is free on X since D + = E\x- So, 
|mD + | is free for every m > 0. We take a general member Bo 6 |mD + | 
with m > 2. We consider K x + B with B = D~ + B + B x + B 2 , 
where B x and B 2 are general fibers of Xx = P 1 x P 1 c X. We note 
that B does not intersect D~ . Then (X, B) is an embedded simple 
normal crossing pair. In particular, (X, B) is a semi log canonical 
surface. It is easy to see that there exists only one integral curve C on 
X 2 = P P i (C P i © C P i (1)) C X such that C ■ (K x + B) < 0. Note that C 
is nothing but the negative section of X 2 = P P i(C P i © (9 P i(l)) — > P 1 . 
We also note that (Kx + B)\x 1 is ample on X\. By the cone theorem 
(cf. Theorem 11.171) . we obtain 

NE(X) = NE(X) (Kx+B) > + E> [C]. 

By the contraction theorem (cf. Theorem II. 17ft . we have if : X — > W 
which contracts C. We can easily see that Kw+Bw, where Bw = f*B, 
is not Q-Cartier because C is not Q-Cartier on X. Therefore, we can 
not run the minimal model program for semi log canonical surfaces. 

For a new framework of the minimal model program for log surfaces, 
see [F10], [FT], [EE], and [T2]. 

6. Appendix: Big M-divisors 

In this section, we discuss the notion of big M-divisors on singular 
varieties. The basic references of big M-divisors are [Ll 2.2] and [Nj 
II. §3 and §5]. Since we have to consider big M-divisors on non-normal 
varieties, we give supplementary definitions and arguments to [L] and 

m. 

First, let us quickly recall the definition of big Cartier divisors on 
normal complete varieties. For details, see, for example, I K M ,\ I . §0-3]. 
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Definition 6.1 (Big Cartier divisors). Let X be a normal complete 
variety and let D be a Cartier divisor on X. Then D is big if one of 
the following equivalent conditions holds. 

(1) max{dim$i m£) |(X)} = dimX, where <&\ mD \ ■ X ---> ¥ N is 

the rational map associated to the linear system \mD\ and 
$\mD\(X) is the image of $\ m D\- 

(2) There exist a rational number a and a positive integer m such 
that 

am dimX < dim H°{X,O x {mm D)). 
It is well known that we can take mo = 1 in the condition (2). 

One of the most important properties of big Cartier divisors is known 
as Kodaira's lemma. 

Lemma 6.2 (Kodaira's lemma). Let X be a normal complete variety 
and let D be a big Cartier divisor on X . Then, for an arbitrary Cartier 
divisor M, we have H°{X, O x {W - M)) ^ for I > 0. 

Proof. By replacing X with its resolution, we can assume that X is 
smooth and projective. Then it is sufficient to show that for a suffi- 
ciently ample Cartier divisor A, H°(X,O x (lD - A)) ^ for I > 0. 
Since we have the exact sequence 

->• O x (lD - A) -> O x (lD) ->• O y {ID) -)• 0, 

where Y is a general member of \A\, and since there exist positive 
rational numbers a, /3 such that a/ dimX < dim H°(X, Ox {ID)) and 
dim H°(Y, Y {W)) < (3l dimY for I > 0, we have #°(X, O x (ZD-A)) ^ 
for / > 0. □ 

For non-normal varieties, we need the following definition. 

Definition 6.3 (Big Cartier divisors on non-normal varieties). Let X 
be a complete irreducible variety and let D be a Cartier divisor on 
X. Then D is big if v*D is big on X", where v : ->■ X is the 
normalization. 

Before we define big M-divisors, let us recall the definition of big 
Q- divisors. 

Definition 6.4 (Big Q-divisors). Let X be a complete irreducible va- 
riety and let D be a Q-Cartier Q-divisor on X. Then D is big if mD 
is a big Cartier divisor for some positive integer m. 

We note the following obvious lemma. 
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Lemma 6.5. Let f : W — )■ V be a birational morphism between normal 
varieties and let D be a Q-Cartier Q-divisor on V. Then D is big if 
and only if so is f*D. 

Next, let us start to consider big M-divisors. 

Definition 6.6 (Big M-divisors on complete varieties). An M-Cartier 
M-divisor D on a complete irreducible variety X is big if it can be 
written in the form 

i 

where each L>,- is a big Cartier divisor and positive real number 

for every i. 

Let us recall an easy but very important lemma. 

Lemma 6.7 (cf. [Nj 2.11. Lemma]). Let f : Y — >■ X be a proper surjec- 
tive morphism between normal varieties with connected fibers. Let D be 
an M>-Cartier M>-divisor on X . Then we have a canonical isomorphism 

Lemma 6.8. Let D be a big M>-Cartier M.-divisor on a smooth projec- 
tive variety X . Then there exist a positive rational number a and a 
positive integer mo such that 

am diraX < dim#°(X, O x {^mm Q Dj)) 

for m ^> . 

Proof. By using Lemma 16.21 we can find an effective M-Cartier M- 
divisor £ on I such that D — E is ample. Therefore, there exists 
a positive integer mo such that A = \_moD — m^Ej is ample. We note 
that moD = A + {m^D — moE}+moE. This implies that mA < mm^D 
for any positive integer m. Therefore, 

dim H°(X,O x (m A)) < dim H (X,O x (^mm Dj)). 
So, we can find a positive rational number a such that 
am dimx < dimH 0( X , O x {^mm Dj)). 
It is the desired inequality. □ 

Remark 6.9. By Lemma [6.51 and Lemma [6.8[ Definition 16.61 is com- 
patible with Definition 16.41 

Lemma 6.10 (Weak Kodaira's lemma). Let X be a projective irre- 
ducible variety and let D be a big IR- Cartier M,-divisor on X . Then we 
can write 

D ~r A + E, 
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where A is an ample Q-divisor on X and E is an effective W-Cartier 
M.-divisor on X . 

Proof. Let B be a big Cartier divisor on X and let if be a general very 
ample Cartier divisor on X. We consider the short exact sequence 

->■ O x (lB -H)-> O x {lB) -> O h (IB) -> 

for every I It is easy to see that dim H°(X, O x (lB)) > al dimX and 
dim H°(H, Oh {IB)) < (3l dimH for some positive rational numbers a, 
(3, and for I > 0. Therefore, H°(X, O x {lB — H)) ^ for some large 
I. This means that IB ~ H + G for some effective Cartier divisor G. 
By Definition I6.6[ we can write D = OjDj where a 4 is a positive 
real number and Di is a big Cartier divisor for every i. By apply- 
ing the above argument to each D iy we can easily obtain the desired 
decomposition D ~ R A + E. □ 

We prepare an important lemma. 

Lemma 6.11. Let X be a complete irreducible variety and let N be a 
numerically trivial Ji-Cartier ~R-divisor on X . Then N can be written 
in the form 

i 

where each iVj is a numerically trivial Cartier divisor and is a real 
number for every i. 

Proof. Let Zj be an integral 1-cycle on X for 1 < j < p = p(X) 
such that {[Zi], ■ ■ • , [Z p ]} is a basis of the vector space Ni(X). The 
condition that an M-Cartier IR-divisor B = where 6, is a real 

number and Bi is Cartier for every i, is numerically trivial is given by 
the integer linear equations 

Y^b i {B i -Z j ) = Q 

i 

on bi for 1 < j < p. Any real solution to these equations is an R-linear 
combination of integral ones. Thus, we obtain the desired expression 
N = J2 i r i N i . ' □ 

The following proposition seems to be very important. 

Proposition 6.12. Let X be a complete irreducible variety. Let D and 
D' be M.-Cartier M.-divisors on X . If D = D' , then D is big if and only 
if so is D' . 
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Proof. We put N = D' — D. Then N is a numerically trivial R-Cartier 
R-divisor on X. By Lemma 16.114 we can write N = Yli r iNi, where 
rj is a real number and iVj is a numerically trivial Cartier divisor for 
every i. By Definition 16. 6[ we are reduced to showing that if B is a 
big Cartier divisor and G is a numerically trivial Cartier divisor, then 
B + rG is big for any real number r. If r is not a rational number, we 
can write 

B + rG = t{B + ri G) + (l-t)(B + r 2 G) 

where r\ and r 2 are rational, r\ < r < r 2 , and t is a real number with 
< t < 1 . Therefore, we can assume that r is rational. Let / : Y — > X 
be a resolution. Then it is sufficient to check that f*B + rf*G is 
big by Lemma 16.51 and Definitions 16. 31 So, we can assume that X 
is smooth and projective. By Kodaira's lemma (cf. Lemma l6.2p . we 
can write IB ~ A + E, where A is an ample Cartier divisor, E is an 
effective Cartier divisor, and I is a positive integer. Thus, l(B + rG) ~ 
(A+lrG)+E. We note that A+lrG is an ample Q-divisor. This implies 
that B + rG is a big Q-Cartier Q-divisor. We finish the proof. □ 

Proposition 16.131 seems to be missing in the literature. 

Proposition 6.13. Let D be an R- Cartier 'R- divisor on a normal com- 
plete variety X . Then the following conditions are equivalent. 

(1) D is big. 

(2) There exist a positive rational number a and a positive integer 
m such that 

am dimx < dim #0( X? O x {^mm Dj)) 

for m ^> . 

Proof. First, we assume (2). Let / : Y — > X be a resolution such that 
Y is projective. By Lemma [6 .7\ we have 

am dimx < dim #0( X; O x (i-mmof*Dj)). 

By the usual argument as in the proof of Kodaira's lemma (cf. Lemma 
16.21) . we can write f*D = A + E, where A is an ample Q-Cartier Q- 
divisor and E is an effective M-Cartier R-divisor on Y. By using Lemma 
16.141 and Lemma [6. 151 below, we can write A + E = a^Gj where aj is 
a positive real number and Gi is a big Cartier divisor for every i. By 
Proposition 16.121 f*D is a big R-Cartier R-divisor on Y. Let £)' be 
a Q-Cartier Q-divisor on X whose coefficients are very close to those 
of D. Then A + f*D' — /*£) is an ample R-Cartier R-divisor on Y. 
Therefore, f*D' = (A+ f*D' - f*D) + E is also a big Q-divisor on Y 
as above. By Lemma 16.51 D' is a big Q-Cartier Q-divisor on X. This 
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means that there exists a big Cartier divisor M on X (see Example 
16.161 below). By the assumption, we can write ID ~ M + E', where 
E' is an effective M-Cartier IR-divisor (see, for example, the usual proof 
of Kodaira's lemma: Lemma [6.21) . By using Lemma [6.141 and Lemma 
16. 151 below, we can write M + E' = ^ a-G-, where a\ is a positive real 
number and G\ is a big Cartier divisor for every i. By Proposition 16. 12\ 
D is a big IR-divisor on X. 

Next, we assume (1). Let / : Y — > X be a resolution. Then f*D is 
big by Definition 16.61 and Lemma 16.51 By Lemma 16.71 and Lemma 16. 8[ 
we obtain the desired estimate in (2). □ 

We have already used the following lemmas in the proof of Proposi- 
tion EH 

Lemma 6.14. Let X be a normal variety and let B be an effective 
M.-Cartier R-divisor on X . Then B can be written in the form 

i 

where each Bi is an effective Cartier divisor and 6j is a positive real 
number for every i. 

Proof. We can write B = Ylj=idjDj, where dj is a real number and 
Dj is Cartier for every j. We put E = UjSupp-Dj. Let E = J2T=i 
be the irreducible decomposition. We can write Dj = X)fcLi a k^k f° r 
every j. Note that a J k is integer for every j and k. We can also write 
B = Yuk=i c kEk with Cfc > for every k. We consider 

£ = | (n, • • • , n) e R l Yl r X - for ever y fc | c R '- 

Then £ is a rational convex polyhedral cone and (di, ■ ■ ■ ,di) G £. 
Therefore, we can find effective Cartier divisors Bi and positive real 
numbers bi such that B = £\ biBi. □ 

Lemma 6.15. Let B be a big Cartier divisor on a normal variety X 
and let G be an effective Cartier divisor on X. Then B + rG is big for 
any positive real number r. 

Proof. If r is rational, then this lemma is obvious by the definition of 
big Q-divisors. If r is not rational, then we can write 

B + rG = t(B + nG) + (1 - t)(B + r 2 G) 

where r\ and r 2 are rational, < r\ < r < r 2 , and t is a real number 
with < t < 1. By Definition 16. 6[ B + rG is a big IR-divisor. □ 
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Example EH6] implies that a normal complete variety does not always 
have big Cartier divisors. For the details of Example 16.161 see |F3j 
Section 4]. 

Example 6.16. Let A be the fan in R 3 whose rays are generated by 
vi = (1,0,1), v 2 = (0,1,1), v 3 = (-1,-2,1), v 4 = (1,0,-1), v 5 = 
(0, 1, —1), vq = (—1, —1, —1) and whose maximal cones are 

(v 1 ,V 2 ,V i ,V 5 ), (v 2 ,V 3 ,V 5 ,V 6 ), (Wi,f 3 ,t)4,f 6 }, (vi,v 2 ,v 3 ), (v 4 ,v 5 ,v 6 ). 

Then the associated toric threefold X is complete with p(X) = 0. More 
precisely, every Cartier divisor on X is linearly equivalent to zero. 

Let / : Y — > X be the blow-up along v>j = (0, 0, —1) and let E be the 
/-exceptional divisor on Y . Then we can check that p(Y) = 1 and that 
Oy(E) is a generator of Pic(F). Therefore, there are no big Cartier 
divisors on Y. 

The next lemma is almost obvious. 

Lemma 6.17. Let V be a complete irreducible variety and let D be a 
big W-Cartier M.-divisor on V. Let g : W — > V be an arbitrary proper 
birational morphism from an irreducible variety W . Then g*D is big. 



Proof. By Definition 16.61 we can assume that D is Cartier. We obtain 
the following commutative diagram. 



V < v v 



Here, \x : W u — > W and v : V u — > V are the normalizations. Since 
v*D is big, h*v*D = p*g*D is also big. We note that h is a birational 
morphism between normal varieties (cf. Lemma \6. 51) . Thus, g*D is big 
by Definition 16.31 □ 

Kodaira's lemma for big IR-Cartier R-divisors on normal varieties is 
also obvious by Proposition 16.131 See also the proof of Lemma 16.21 

Lemma 6.18 (Kodaira's lemma for big IR-divisors on normal varieties). 
Let X be a complete irreducible normal variety and let D be a big K- 
Cartier W-divisor on X . Let M be an arbitrary Cartier divisor on 
X. Then there exist a positive integer I and an effective H-Cartier 
M>-divisor E on X such that ID — M ~ E . 



Finally, we discuss relatively big R-divisors. 
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Definition 6.19 (Relatively big M-divisors) . Let 7r : X — > S be a 
proper morphism from an irreducible variety X onto a variety 5" and 
let D be an M-Cartier M-divisor on X. Then D is called it-big (or, big 
over S) if D\x v is big on X v , where X v is the generic fiber of it. 

We need the following lemma for the proof of the Kawamata-Viehweg 
vanishing theorem for M-divisors. 

Lemma 6.20 (cf. jKMMl Corollary 0-3-6]). Let n : X ->■ S be a 

proper surjective morphism from an irreducible variety X onto a quasi- 
projective variety S and let D be a n-nef and n-big M.-Cartier ^-divisor 
on X . Then there exist a proper birational morphism fi : Y — > X from 
a smooth variety Y projective over S and divisors F a 's on Y such that 
Suppfi*D U (UF a ) is a simple normal crossing divisor and such that 
H*D — Y2 a o~aF a is 7r o fx- ample for some 5 a with < 8 a <C 1. 

We can check Lemma f6. 20 1 by Lemma \6. 181 and Hironaka's resolution 
theorem. 
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